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Claude E. Shannon (U.S., 1916 - 2001)

Figure: C.E. Shannon.

1948, “A Mathematical Theory of Communication,” Bell Syst. Tech.
J.: Shannon derived a formula for C , the channel capacity, based on the
noise power spectral density N0/2, the channel bandwidth W , and the
transmit power PS . More precisely

C = W log2(1 + PS

N0W ).

It represents the maximum number of bits that can be sent per second
reliably from transmitter to receiver. Capacity is achieved by codes.
1938: Shannon also applied Boole’s algebra to switching circuits (M.Sc.
thesis, MIT).
WW2: Shannon developed cryptographic equipment for transoceanic
conferences (Roosevelt-Churchill). His ideas can be found in
“Communication Theory of Secrecy Systems”, a confidential report from
1945, published in 1949.
1949: Shannon introduced the sampling theorem to the engineering
community.
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Feedback, First Results, Shannon (1956)
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Feedback Model
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Message: W ∈ {1, 2, · · · , M}, uniform.
Encoding: For n = 1, 2, · · · , N

Xn = En(W , Y n−1).

Discrete Memoryless Channel: For n = 1, 2, · · · , N, x ∈ X , y ∈ Y,

Pr{Yn = y |Xn = x , · · · } = P∗(y |x).

Decoder: Ŵ ∈ {1, 2, · · · , M}, and
Ŵ = D(Y N).
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Feedback does not increase capacity!
Now

log2(M) = H(W ) = I(W ; Y N) + H(W |Y N)
≤ I(W ; Y N) + Fano

=
N∑

n=1

I(W ; Yn|Y n−1) + Fano

≤
N∑

n=1

I(W , Y n−1, Xn; Yn) + Fano

(a)=
N∑

n=1

I(Xn; Yn) + Fano

≤ NC + Fano,

where (a) follows since (W , Y n−1) − Xn − Yn forms a Markov chain.

IS FEEDBACK USELESS THEN?
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Feedback Remarks
Feedback does not lead to capacity increase BUT there are constructive feedback methods that are
simple and that result in excellent error behaviour.
Horstein coding (1963) method for BSC.

Rigorous proof by Shayevitz and Feder (2011), Posterior matching.
Gaussian Additive Noise Channels:

Factor of two, Pinsker (1969), Ebert (1970).
Half a bit, Cover-Pombra (1989).

Connection to Directed Information (Marko, Massey, Kramer, ... ).
First Shannon Lecture:
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Side-Information Channel, Shannon (1958)
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Side-Information Channel, Shannon (1958)
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Side-Information: Causal Model
W

Encoder
Xn P∗(y |x , s)

P∗(s)

Sn−1, Sn Sn

Yn
Decoder

Ŵ

Channel with STATE.
Message: W ∈ {1, 2, · · · , M}, uniform.
Encoding: For n = 1, 2, · · · , N

Xn = En(W , Sn−1, Sn).
Discr. Memoryl. Side-Information Channel: For n = 1, 2, · · · , N

Pr{Yn = y |Xn = x , Sn = s} = P∗(y |x , s),
Pr{Sn = s} = P∗(s).

Decoder: Ŵ ∈ {1, 2, · · · , M}, and
Ŵ = D(Y N).
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Shannon’s Strategies
Consider all different functions (strategies) u ∈ U ∆= X |S|, that map a state value s ∈ S into a channel
input x ∈ X .

Example
Let X = {0, 1} and S = {1, 2, 3}. The table below contains all 8 strategies.

u s = 1 s = 2 s = 3
0,0,0 0 0 0
0,0,1 0 0 1
0,1,0 0 1 0
0,1,1 0 1 1
1,0,0 1 0 0
1,0,1 1 0 1
1,1,0 1 1 0
1,1,1 1 1 1

Now consider the transition probabilities of the channel with output Y and as input strategy U:

P∗(y |u) =
∑

s

P∗(s)P∗(y |u(s), s),
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Capacity of the Channel with Causal SI at the Transmitter

Shannon (1958) shows (achievability, converse) that

Theorem

Ccausal SI = max
P(U)

I(U; Y ).
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Two-Way Channel, Shannon (1961)
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Shannon’s Example: Binary Multiplying Channel

term.1 term.2
binary

multiplying
channel

term.2
x1 x2

y = x1 · x2

x1 x2 y
0 0 0
0 1 0
1 0 0
1 1 1

The Binary Multiplying Channel (BMC) has a single output

Y1 = Y2 = Y ,

which is the logical AND of the inputs X1 and X2.
NOTE that a terminal does NOT receive information in transmission where it transmits input X = 0.
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Shannon’s Example: Hagelbarger Strategy
(X) In the first transmission both terminals send a new message bit.
If channel output is 1, then x1 = x2 = 1 and we can goto (X).
If the channel output is 0 the terminals invert their symbols and transmit them in the second
transmission, then goto (X).

m2 = 0

m2 = 1

m1 = 0 m1 = 1

0

0

0

1

1

0

0

If message bits are uniform the expected number of transmissions needed to transmit a pair of bits is
1
4 · 1 + 3

4 · 2 = 7/4.

Hence rates
R1 = R2 = 4/7 bit/transm.

can be simultaneously realized! This is better than time-sharing between (1, 0) and (0, 1).
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Shannon (1961): Two-Way Channel Model

mess.2
� -

�

� -

--

y2y1

term.2term.1
mess.2

mess.1

x2x1

channel

mess.1 �

Figure: Both terminals transmit and receive at the same time. Their objective is to exchange information via the channel.

Shannon proposed the two-way channel.
He studied the capacity region, i.e. the set of all rate-pairs that allow reliable and simultaneous
transmission.
He derived inner and outer bounds for the general capacity region.
First multi-link problem in information theory.
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Definitions

Messages: W1 ∈ {1, 2, · · · , M1} and W2 ∈ {1, 2, · · · , M2}, both uniform.
Encoding: For n = 1, 2, · · · , N

X1n = E1n(W1, Y n−1
1 ),

X2n = E2n(W2, Y n−1
2 ).

Discrete Memoryless Two-Way Channel: For n = 1, 2, · · · , N

Pr{Y1n = y1, Y2n = y2|X1n = x1, X2n = x2} = P∗(y1, y2|x1, x2).

Decoders: Ŵ1 ∈ {1, 2, · · · , M1}, Ŵ2 ∈ {1, 2, · · · , M2}, and

Ŵ2 = D1(W1, Y N
1 ),

Ŵ1 = D2(W2, Y N
2 ).

Achievability: Rate-PAIRS (R1, R2), Capacity REGION.
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Shannon Inner and Outer Bound
INNER BOUND:

Cinner = co{(R1, R2) : 0 ≤ R1 ≤ I(X1; Y2|X2),
0 ≤ R2 ≤ I(X2; Y1|X1),
P(x1, x2, y1, y2) = P(x1)P(x2)P∗(y1, y2|x1, x2)}

Independent inputs X1 and X2.
OUTER BOUND:

Couter = {(R1, R2) : 0 ≤ R1 ≤ I(X1; Y2|X2),
0 ≤ R2 ≤ I(X2; Y1|X1),
P(x1, x2, y1, y2) = P(x1, x2)P∗(y1, y2|x1, x2)}

Possibly dependent inputs X1 and X2.
In general, INNER BOUND REGION is not equal to OUTER BOUND REGION!
Limiting expression involving strategies of previous in- and outputs.
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Inner and Outer Bound for the BMC
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Dueck’s Result (1979)
There were attempts to show that Shannon’s inner bound region is the capacity region of the two-way
channel. But:
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Dueck’s Result

Z and Z ′ are noise in X2 resp. Y2.
IDEA: Receive Z and Z ′ which have a BMC-outer-bound dependency (P(Z = 0, Z ′ = 0) = 0)).
Transmit this Z and Z ′ over the BMC-part of the channel, which leads to full knowledge of Z an Z ′ at
both sides. Now X2 and Y2 can be resolved.
NOTE: Does this also apply for single-output two-way channels?
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Schalkwijk (1982): Unit-Square Methods

SENDING a PAIR of THETA’s

Inner bound transmission (LEFT) can be realized, maximum symmetric rate is 0.61695
bits/transmission.
It would be nice if we could realize somehow outer bound transmission (RIGHT), since maximum
symmetric rate is 0.69424.
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Schalkwijk (1982): Unit-Square Methods

If after an inner-bound transmission y1 = 0 then we do an intermediate transmission. If now y2 = 1
we can do an outer bound transmission.
Optimizing α and γ leads to

R1 = R2 = 0.61914,

which is slightly larger than inner bound symmetric rate 0.61695.
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Schalkwijk (1983): Unit-Square Methods, Bootstrapping

Instead of actually doing an intermediate transmission, Slepian-Wolf compress the information that is
to be transmitted, i.e., h(γ)/(1 + α), and send this information, using the scheme-itself
(bootstrapping).
Again optimizing α and γ leads to

R1 = R2 = 0.63056,

which is significantly larger than inner bound symmetric rate 0.61695.

26/40 dep-bal bnd July 6, 2026



LAB
I
C
T

Schalkwijk methods: Rigorous Proofs by Tolhuizen (1985)
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Dependence Balance Bound: Single-Output Two-Way Channel

term.1 P∗(y |x1, x2) term.2
W1

Ŵ2

X1n X2n W2

Ŵ1

Yn

Messages: W1 is uniform over {1, 2, · · · , M1} and W2 is uniform over {1, 2, · · · , M2}.
Encoders:

X1n = E1n(W1, Y n−1),
X2n = E2n(W2, Y n−1), n = 1, 2, · · · , N.

Channel {X1 × X2, Pc(y |x1, x2), Y} is discrete and memoryless.
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Decoders:

Ŵ2 = D1(W1, Y N),

Ŵ1 = D2(W2, Y N).

Error probability:
Pε = Pr{(Ŵ1, Ŵ2) ̸= (W1, W2)}.
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Dependence Balance Bound: An Identity

I(A; B|C) − I(A; B) = H(B|C) − H(B|A, C) − H(B) + H(B|A)
= I(B; C |A) − I(B; C)

· · ·
= I(C ; A|B) − I(C ; A).
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Local Dependence Balance Bound

I(W1; W2|Yn, Y n−1) − I(W1; W2|Y n−1)
= I(Yn; W1|W2, Y n−1) − I(Yn; W1|Y n−1)
= H(Yn|W2, Y n−1) − H(Yn|W1, W2, Y n−1) − H(Yn|Y n−1) + H(Yn|W1, Y n−1)
(a)
≤ H(Yn|X2n, Y n−1) − H(Yn|X1n, X2n, Y n−1) − H(Yn|Y n−1) + H(Yn|X1n, Y n−1)
= I(Yn; X1n|X2n, Y n−1) − I(Yn; X1n|Y n−1)
= I(X1n; X2n|Yn, Y n−1) − I(X1n; X2n|Y n−1).

In (a) we use that

H(Yn|W2, Y n−1) = H(Yn|W2, X2n, Y n−1)
≤ H(Yn|X2n, Y n−1),

etc., and

H(Yn|W1, W2, Y n−1) = H(Yn|W1, W2, X1n, X2n, Y n−1)
= H(Yn|X1n, X2n, Y n−1).
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Local Dependence Balance Bound

Lemma (Local dependence balance bound)

I(W1; W2|Yn, Y n−1) − I(W1; W2|Y n−1)
≤ I(X1n; X2n|Yn, Y n−1) − I(X1n; X2n|Y n−1).

Increase in dependence between W1 and W2 by observing Yn is upper bounded by increase in dependence
between X1n and X2n by observing Yn, given Y n−1.
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Global Dependence Balance Bound

0 ≤ I(W1; W2|Y N) − I(W1; W2)

=
N∑

n=1

[I(W1; W2|Yn, Y n−1) − I(W1; W2|Y n−1)]

(b)=
N∑

n=1

[I(X1n; X2n|Yn, Y n−1) − I(X1n; X2n|Y n−1)].

where (b) follows from the local DBB.

Lemma (Global dependence balance bound)
N∑

n=1

[I(X1n; X2n|Yn, Y n−1) − I(X1n; X2n|Y n−1)] ≥ 0.
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A Consequence of the Global DBB
Using standard techniques we can now prove:

Theorem
An OUTER bound for a TWC with a single output is

Rdbb = {(R1, R2) : 0 ≤ R1 ≤ I(X1; Y |X2, T ),
0 ≤ R2 ≤ I(X2; Y |X1, T ),
P(t, x1, x2, y) = P(t)P(x1, x2|t)P(y |x1, x2)
such that I(X1; X2|Y , T ) ≥ I(X1; X2|T )}.

DEPENDENCE BALANCE: I(X1; X2|Y , T ) ≥ I(X1; X2|T ), i.e., produced dependence cannot be
smaller than consumed dependence.

For the BMC this leads to the upper bound
R1 = R2 ≤ 0.64628 bit/transm.
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Story (1982): The single-output TWC with X1 = f (Y , X2)

Similar to W. PhD-thesis [1982], “the capacity region of a class of MAC’s with FB,” we have for a class of
single-output TWC’s:

Theorem
The capacity for a TWC with a single output with X1 = f (Y , X2) is

Cf = {(R1, R2) : 0 ≤ R1 ≤ I(X1; Y |X2, T ) = H(X1|X2, T ),
0 ≤ R2 ≤ I(X2; Y |X1, T ),
P(t, x1, x2, y) = P(t)P(x1|t)P(x2|t)P(y |x1, x2)}.
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Story (1984): The single-output TWC with two mappings h1(Y , X1) and h2(Y , X2)

Theorem
The capacity for a TWC with a single output with h1(Y , X2) = h2(Y , X2) = B and

p(x1, x2|y , b) = p(x1|y , b)p(x2|y , b)

for all x1, x2, y , b for which p(y , b) ̸= 0 is

Ch1h2 = {(R1, R2) : 0 ≤ R1 ≤ I(X1; Y |X2, T ),
0 ≤ R2 ≤ I(X2; Y |X1, T ),
P(t, x1, x2, y) = P(t)P(x1|t)P(x2|t)P(y |x1, x2)}.
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Example:

No dependence can be created ...
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Story (1985): Finally the Dependence Balance Bound

Three sub-steps:
Substep 1: Still we need a constructable B but

Substep 2: Actually B need not be constructable, it can be an extra TWC-output.
Finally

I(X1; X2|Y , B, T ) ≤ I(X1; X2|T )
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DBB Remarks

ANDRIES HEKSTRA was a trainee and a MSc student at TU/e
(summa cum laude) and then a PhD student at Cornell University.
He defended his PhD thesis at TU/e in 1994 (1st promotor: Piet
Schalkwijk, 2nd promotor: Toby Berger, advisor: Frans W.)
Dependence Balance Bounds and capacity regions for MACs with
FB (Hekstra-W (1985, 1989)).
Dependence Balance Bounds for Gaussian MAC and Interference
Channels with FB (Gastpar-Kramer (2006, 2007)), MACs with noisy
FB or with user cooperation, Interference Channels with user
cooperation, Gaussian cases (Tandon-Ulukus (2007).
New results by Gohari(CUHK)-Kramer (2026).
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Final Remarks
Shannon founded MULTI-USER INFORMATION THEORY, 1956 - 1961.
As MSc student of Piet Schalkwijk at TU/e, in 1979, I got interested in Information Theory through
Shannon’s Two-Way Channel. An unsolved problem then since 18 years.

Now in 2026 this an unsolved problem for 65 years already.
As PhD student of Edward van der Meulen at KUL, 1979-1982, I learned about other problems in
multi-user information theory. Multiple-Access Channel, Relay Channel, Broadcast Channel,
Interference Channel, ...

There was progress on these problems (MAC is solved), but other general solutions are still missing.
BUT INVESTIGATING MULTI-USER PROBLEMS = BIG FUN!
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