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Capacity-achieving Block Codes

3

1948 

Shannon

Channel coding theorem (Proof based on the typical sequences) : there 

exist block codes with code rates arbitrarily close to channel capacity

and probabilities of error arbitrarily close to zero.

1965 

Gallager
Proof by deriving error exponent (under ML decoding)



Capacity-achieving Block Codes

4

1948 

Shannon

Channel coding theorem (Proof based on the typical sequences) : there 

exist block codes with code rates arbitrarily close to channel capacity

and probabilities of error arbitrarily close to zero.

1965 

Gallager
Proof by deriving error exponent (under ML decoding)

1999 

MacKay

When the degree of the regular LDPC codes increases as the code length 

tends to infinity, regular LDPC codes are capacity-achieving over memoryless 

BIOS channel under ML decoding.

1997-2002 

Luby, 

Shokrollahi,

zémor, et al.

LDPC codes are capacity-achieving codes for  the BEC and the BSC under 

belief propagation (BP) decoding.



Capacity-achieving Block Codes

5

2009 

Arıkan

Polar codes are capacity-achieving codes for BIOS memoryless channels

under SC decoding.

2016-2022 

Ma et al.

Systematic LDGM code ensemble with generator matrices defined by Bernoulli 

process, called Bernoulli generator matrix (BGM) code ensemble, is capacity-

achieving over BIOS memoryless channels.

2023-2024 Binary Reed–Muller (RM) codes are capacity-achieving codes for BIOS 

memoryless channels.

➢ in terms of BER: Reeves and Pfister

➢ in terms of FER: Abbe and Sandon

➢ in terms of BER: 2016

➢ in terms of FER: 2022 



Convolutional Codes

⚫Origin: Introduced by Elias (1955)

⚫ Classical decoding algorithms

➢ Sequential decoding (Wozencraft 1957, Fano 1963)

➢ Viterbi algorithm (Viterbi 1967)

⚫ Capacity achievability

➢ Time-varying convolutional codes (Viterbi 1967)

➢ Time-invariant convolutional codes (Shulman and Feder 1995)
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Convolutional Codes

⚫ Convolutional codes with low-complexity iterative decoding

➢Spatially coupled LDPC (SC-LDPC)

✓Capacity-achieving universally over BMS channels (Kudekar, Urbanke,

Pfister, Macris, et al. 2013)

➢Spatially coupled LDGM (SC-LDGM)

✓Capacity-achieving universally over BMS channels (Kumar, Young, Macris,

and Pfister 2014)
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Convolutional Codes

⚫ To the best of our knowledge,

a) most block/convolutional codes were developed for channel coding by

assuming that the source is uniform

b) design of codes are typically channel-dependent

c) design of codes usually requires complicated optimization

d) for JSCC with biased sources, one may need optimize the design of double

LDPC codes (Fresia, Wang, Mitchell, et al. 2009-2021) or double polar

codes (Dong, Niu, et al. 2021)
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BMST/Conv-RaS Codes

⚫ Bernoulli source 𝜃 = 𝑃(𝑈 = 1)

⚫ Channel: memoryless binary-input output-symmetric (MBIOS) channels

⚫ System model

9



BMST/Conv-RaS Codes

⚫ Encoding process

𝐆𝑖: 𝐾 × 𝑁 constructed such that

[𝐆0, ⋯ , 𝐆𝑚] = [𝚷0, ⋯ , 𝚷𝑣 , 𝟎]

 𝒙(𝑡) = σ𝑖=0
𝑚 𝒖(𝑡−𝑖)𝐆𝑖 ∈ 𝑭2

𝑁

Interpreted as an asynchronous multiple access system
10

• Flexibility and Universality

• Rate N/K: defined as the ratio of the input

length to the encoding output length

➢ Source coding： N<K

➢ Channel coding ： N>K

➢ JSCC： N can be adjusted according to

the source sparsity and channel quality



BMST/Conv-RaS Codes

⚫ Decoding process

 iterative sliding window decoding algorithm
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BMST Codes: Flexible, Universal, and LMTR-Achievable

◆Source coding

12

Encoding memory selection: 𝐻(𝑿 𝑚+𝐿 𝑁)/( 𝑚 + 𝐿 𝑁) ≈ 1)

BER= 10−5 , K=10220K=1024 ： 2048 ：  N=512 ： 640： 768： 1792



BMST Codes: Flexible, Universal, and LMTR-Achievable

◆Channel coding

13BPSK -AWGN, BER= 10−5 , K=1024

GA (Genie aided) bound: BER ≥ 𝑄((𝑣 + 1)/𝜎))

Conv-RaS codes can achieve the BER of 10−5

within one dB from the Shannon Limit.



BMST Codes: Flexible, Universal, and LMTR-Achievable

◆Joint Source-Channel Coding (JSCC)

14

BPSK -AWGN, BER= 10−5： R=K/N
R=1/2 ： 1： K=1024 ： R=5/4 ： K=4096BPSK -AWGN, K=1024 ： N=2048

GA bound:

Without any 

complicated

Construction

Perform well 

for various 

code rates 

and 𝜃



Motivation

Suppose that 𝒎 can be sufficiently large. What is, the infimum of

R=N/K, denoted as Rinf, to guarantee an arbitrarily small but fixed

error rate?

✓ Intuitively, it suffices to satisfy N/K>H(U)/C, implying that

the limit of minimum transmission ratio (LMTR) equals

H(U)/C.
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Motivation

Conjecture: Let K and N be two positive integers such that N/K>H(U)/C.

One can find a sequence of Conv-RaS codes with input length K, output

length N, encoding memory 𝑚 and 𝐿 (𝑚2 ≤ 𝐿 ≤ 𝑚𝜇 for some 𝜇 ≥ 2) such

that the FER vanishes exponentially down to 𝜖 with increasing 𝑚 under

blockwise MAP decoding.

 time-invariant convolutional codes 

 the columns of the sub-matrices 𝐆𝑖 are 

not independent

 for K > 1, the sub-matrices 𝐆𝑖 are sparse
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Conv-SaS Code Ensemble

Convolutional sampling and superposition (Conv-SaS) code ensemble

⚫ A class of time-varying convolutional code ensemble

⚫ 𝐆𝑖,𝑗 𝐾 × 𝑁 is randomly generated with each column being drawn independently and

uniformly from the collection of all binary column vectors of weight 0 or 1.

✓ 𝒙(𝑡) is a superposition of 𝒖(𝑖) 𝐆𝑖,𝑡

✓ The vectors 𝒖(𝑖) 𝐆𝑖,𝑡 are constructed

by sampling (with replacement) the

components of 𝒖(𝑖) (𝑡 − 𝑚 ≤ i ≤ 𝑡)

18

𝒙(𝑡) = ෍
𝑖=𝑡−𝑚

𝑡

𝒖(𝑖)𝐆𝑖,𝑡



Conv-SaS Code Ensemble: LMTR Achievability 

Theorem 1: Let K and N be two positive integers such that N/K>H(U)/C.

One can find a sequence of Conv-SaS codes with input length K, output

length N, encoding memory 𝑚 and 𝐿 (𝑚2 ≤ 𝐿 ≤ 𝑚𝜇 for some 𝜇 ≥ 2) such

that the FER vanishes exponentially down to 𝜖 with increasing 𝑚 under

blockwise MAP decoding.

➢H(U) is the source entropy,

➢C is the channel capacity

➢ 𝜖 is an arbitrarily small positive number

19



Conv-SaS Code Ensemble: LMTR Achievability 

• Corollary 1: As source coding, the Conv-SaS code ensemble can achieve the entropy H(U)

of the Bernoulli source. Precisely, let K and N be two positive integers such that N/K> H(U).

One can find a sequence of Conv-SaS codes with input length K, output length N, encoding

memory 𝑚 and 𝐿 (𝑚2 ≤ 𝐿 ≤ 𝑚𝜇 for some 𝜇 ≥ 2) such that the FER vanishes exponentially

down to 𝜖 with increasing 𝑚 under blockwise MAP decoding.

• Corollary 2: As channel coding, the Conv-SaS code ensemble can achieve capacity C of the

MBIOS channel. Precisely, let K and N be two positive integers such that K/N<C. One can find

a sequence of Conv-SaS codes with input length K, output length N, encoding memory 𝑚 and

𝐿 (𝑚2 ≤ 𝐿 ≤ 𝑚𝜇 for some 𝜇 ≥ 2) such that the FER vanishes exponentially down to 𝜖 with

increasing 𝑚 under blockwise MAP decoding (equivalent to maximum likelihood decoding).
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Error Analysis

➢ Goal: prove that the first error probability Pr{𝑼(0) ≠ ෡𝑼(0)} vanishes exponentially with the 

encoding memory 𝑚. Hence the whole frame (the 𝐿 sub-blocks) error probability is upper 

bounded 𝐿 × Pr{𝑼(0) ≠ ෡𝑼(0)} and hence can be made arbitrarily small.

➢ A suboptimal decoding

 Input: the truncated sequence 𝒚 𝑚+1 𝑁, a noisy version of 𝒙 𝑚+1 𝑁 = 𝒖 𝑚+1 𝐾𝐆SaS

 Output: ෝ𝒖 0 , an estimate of 𝒖 0

 𝐆SaS: truncated generator matrix of size 𝑚 + 1 𝐾 × 𝑚 + 1 𝑁

21



Proof Outline

➢ Random linear code ensemble

• The sub-matrices 𝐆𝑖,𝑗
′ of size 𝐾 × 𝑁 have independent and uniformly distributed 

columns

22

 In the case when 𝑼 is a uniform Bernoulli source,

➢ Channel coding theorem of random linear code ensemble (Gallager 1968)

 In the case when 𝑼 is a biased Bernoulli source,

➢ Error exponent analysis (Gallager 1968 Exercise 5.16)

➢ Guessing and checking decoding analysis



Proof Outline
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➢ Guessing and checking decoding

• Guessing: Form a list 𝒰 ⊆ 𝑭2
𝑚+1 𝐾

of size 2 𝑚+1 𝐾 𝐻 𝑈 +𝛿 ;

upon receiving 𝒚 𝑚+1 𝑁, form a list 𝒳 ⊆ 𝑭2
𝑚+1 𝑁

of size 2 𝑚+1 𝑁 𝐻(𝑋|𝑌)+𝛿

• Checking: Find (ෝ𝒖 𝑚+1 𝐾 , ෝ𝒙 𝑚+1 𝑁) from the list 𝒰 × 𝒳 such that ෝ𝒖 𝑚+1 𝐾𝐆SaS =

ෝ𝒙 𝑚+1 𝑁. If this is unique, deliver it as the output. If no such pair exists, report a 

decoding failure. If multiple pairs exist, deliver the most likely one such that 

P(𝒚 𝑚+1 𝑁|ෝ𝒙 𝑚+1 𝑁) is maximized. 

➢ A decoding error 𝓔 occurs when

• if no such pair exists in the list or some (ෝ𝒖 𝑚+1 𝐾 , ෝ𝒙 𝑚+1 𝑁) exists in the list 𝒰 × 𝒳 such 

that P(𝒚 𝑚+1 𝑁|ෝ𝒙 𝑚+1 𝑁) is maximized and ෝ𝒖 0 ≠ 𝒖 0 , ෝ𝒖 𝑚+1 𝐾𝐆SaS = ෝ𝒙 𝑚+1 𝑁.



Proof Outline

➢ Decoding error probability:

𝑃 𝓔 = 𝑃 𝓔1 𝑃 𝓔|𝓔1 + 𝑃 𝓔1
𝑐 𝑃 𝓔|𝓔1

𝑐 ≤ 𝑃 𝓔1 + 𝑃 𝓔2 .

✓ 𝓔1 denotes the event that (𝒖 𝑚+1 𝐾 , 𝒙 𝑚+1 𝑁) is not in the list 𝒰 × 𝒳

✓ 𝓔2 denote the event that (𝒖 𝑚+1 𝐾 , 𝒙 𝑚+1 𝑁) is in the list 𝒰 × 𝒳 but some distinct 

(ෝ𝒖 𝑚+1 𝐾 , ෝ𝒙 𝑚+1 𝑁) exists in the list 𝒰 × 𝒳 such that P(𝒚 𝑚+1 𝑁|ෝ𝒙 𝑚+1 𝑁) is 

maximized and ෝ𝒖 0 ≠ 𝒖 0 , ෝ𝒖 𝑚+1 𝐾𝐆SaS = ෝ𝒙 𝑚+1 𝑁
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Proof Outline

➢ Random code ensemble

𝓔1 denotes the event that (𝒖 𝑚+1 𝐾 , 𝒙 𝑚+1 𝑁) is not in the list 𝒰 × 𝒳

25

 Aided by the (jointly) typical sequences, we have

• 𝒰 ≤ 2 𝑚+1 𝐾 𝐻 𝑈 +𝛿

• 𝒳 ≤ 2 𝑚+1 𝑁 𝐻(𝑋|𝑌)+𝛿

✓ 𝐻 𝑋 𝑌 = 1 − 𝐶

• P(𝓔1) ≤ Pr 𝒖 𝑚+1 𝐾 ∉ 𝒰 + Pr 𝒙 𝑚+1 𝑁 ∉ 𝒳 ≤ 𝜖/2



Proof Outline

➢ Random code ensemble

When (𝒖 𝑚+1 𝐾 , 𝒙 𝑚+1 𝑁) is in the list 𝒰 × 𝒳

• Due to the randomness of 𝐆rand, ෝ𝒖 𝑚+1 𝐾 − 𝒖 𝑚+1 𝐾 𝐆rand = ෝ𝒙 𝑚+1 𝑁 − 𝒙 𝑚+1 𝑁

occurs with a probability 2− 𝑚+1 𝑁

• The number of pairs in the list 𝒰 × 𝒳 is upper bounded by 

2 𝑚+1 (𝐾 𝐻 𝑈 +𝛿 +𝑁 1−𝐶+𝛿 )

• By the union bound, P(𝓔2) is upper bounded by 

2 𝑚+1 (𝐾 𝐻 𝑈 +𝛿 +𝑁 1−𝐶+𝛿 ) ∙ 2− 𝑚+1 𝑁,

which can be made ≤ 𝜖/2 for sufficiently large 𝑚 since 𝑁/𝐾 > 𝐻(𝑈)/𝐶

26



Proof Outline

➢ Conv-SaS code ensemble

◆ Issue 1

Aided by the (jointly) typical sequences

𝑃 𝓔1 = Pr{(𝒖 𝑚+1 𝐾, 𝒙 𝑚+1 𝑁) is not in the list 𝒰 × 𝒳}

≤ Pr 𝒖 𝑚+1 𝐾 ∉ 𝒰 + Pr 𝒙 𝑚+1 𝑁 ∉ 𝒳 ≤ 𝜖/2.

We cannot see whether or not this vanishing is exponential as 𝑚 → ∞

27



Proof Outline

To replace the typical sequence argument:

Lemma 1: Suppose that 𝒖𝑘 is generated from a Bernoulli source with

success probability 𝜃. Let 𝒰 be a list of size 𝒰 = min(2𝑘 , 2𝑘(𝐻 𝑈 +𝛿) )

such that 𝒰 consists of all the 𝒰 most probable messages. Then, the

probability Pr 𝒖𝑘 ∉ 𝒰 vanishes exponentially down to 𝜖 with increasing 𝑘.

Lemma 2: Suppose that 𝒙𝑛 is transmitted over an MBIOS channel with

capacity 𝐶 and 𝒚𝑛 is received. Let 𝒳(𝒚) be a list of size 𝒳 𝒚 =

2𝑛(1−𝐶+𝛿) such that 𝒳(𝒚) consists of all the |𝒳 𝒚 | most likely vectors.

Then, the probability Pr 𝒙𝑛 ∉ 𝒳(𝒚)  vanishes exponentially down to 𝜖 with

increasing 𝑛.
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Proof Outline

◆ Issue 2

In contrast to random linear codes, over the Conv-SaS code ensemble, the 

uniformity Pr ෝ𝒖 𝑚+1 𝐾 − 𝒖 𝑚+1 𝐾 𝐆 = ෝ𝒙 𝑚+1 𝑁 − 𝒙 𝑚+1 𝑁 = 2− 𝑚+1 𝑁 no longer holds.

The independence still holds:  a message 𝒖 𝑚+1 𝐾 is mapped to a random 

vector 𝒙 𝑚+1 𝑁 = 𝒖 𝑚+1 𝐾𝐆, which is a time-varying Bernoulli sequence with 

success probabilities that vary from sub-block to sub-block.
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Proof Outline

Lemma 3:  Define the weight profile of a message sequence 𝒖 𝑚+1 𝐾 = (𝒖 0 , ⋯ , 𝒖 𝑚 ) as 

𝒘𝑚+1 = (𝑤0, ⋯ , 𝑤𝑚) with 𝑤𝑖 = 𝑊𝐻(𝒖 𝑖 ) in [0, 𝐾]. Then a  message vector 𝒖 𝑚+1 𝐾 generates 

a vector 𝒙 = 𝒖 𝑚+1 𝐾𝐆SaS as a  time-varying Bernoulli sequence with success probability for 

the 𝑡-th sub-block 𝒙

𝜌𝑡 𝒘𝑚+1 =
1 − ς𝑖=0

𝑡 1 −
2𝑤𝑖

𝐾 + 1

2
, 0 ≤ 𝑡 ≤ 𝑚.

Let 𝑡 and 𝑇 be  two positive numbers such that  0 ≤ 𝑇 ≤ 𝑡 ≤ 𝑚 + 1. For any  given 

𝒖 𝑚+1 𝐾 that contains at least 𝑇 non-zero sub-blocks within the first 𝑡 sub-blocks, we have, for 

all 𝒙 𝑚+1−𝑡 𝑁,

30

𝑃 𝒙 𝑚+1−𝑡 𝑁 𝒖 𝑚+1 𝐾 ≤
1

2
+

1

2

𝐾 − 1

𝐾 + 1

𝑇 𝑚+1−𝑡 𝑁



Proof Outline

To analyze 𝑃(𝓔2), the error pattern ∆𝒖
𝑚+1 𝐾

= ෝ𝒖 𝑚+1 𝐾 − 𝒖 𝑚+1 𝐾 is partitioned into 

two consecutive parts, 𝑇 = 𝑚 + 1,1 ≤ 𝜏 ≤ 𝑇,

∆𝒖
𝑚+1 𝐾

= (∆𝒖𝐿
𝜏𝑇𝐾, ∆𝒖𝑅

(𝑇−𝜏)𝑇𝐾
)

where 𝜏 is the minimum time such that ∆𝒖𝐿
𝜏𝑇𝐾 has at least 𝑇 and at most 2𝑇 non-zero 

sub-blocks among 𝜏𝑇 sub-blocks.
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Proof Outline

For each 1 ≤ 𝜏 ≤ 𝑇,

∆𝒖
𝑚+1 𝐾

= (∆𝒖𝐿
𝜏𝑇𝐾, ∆𝒖𝑅

(𝑇−𝜏)𝑇𝐾
), ∆𝒙

𝑚+1 𝑁
= (∆𝒙𝐿

𝜏𝑇𝑁, ∆𝒙𝑅
(𝑇−𝜏)𝑇𝑁

)

① ∆𝒖𝐿
𝜏𝑇𝐾 has at most 𝟐𝑻 non-zero sub-blocks among 𝜏𝑇 sub-blocks. Hence the 

number of light error patterns ∆𝒖𝐿
𝜏𝑇𝐾 is small, and the left part has exponentially 

vannishing error probability.

② ∆𝒖𝐿
𝜏𝑇𝐾 has at least 𝑻 non-zero sub-blocks among 𝜏𝑇 sub-blocks. Hence the 

corresponding check sequence ∆𝒙𝑅
(𝑇−𝜏)𝑇𝑁

generated by the error pattern is 

asymptotically close to the uniform distribution, and the right part has 

exponentially vannishing error probability.
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Non-binary Source Transmission

Multi-level source coding

• A finite set 𝒜 = {0,1, ⋯ , 𝑄 − 1}

• A Q-ary discrete memoryless source 𝑼 ∈ 𝒜𝐾 according to a PMF = (𝑝0, 𝑝1, ⋯ , 𝑝𝑄−1)

• An injective mapping 𝜑: 𝒜 → 𝑭2
𝑞
, 𝑞 = log𝑄

• Encoding process

34

𝑼𝐾 =

𝑼(0)

𝑼(1)

⋮
𝑼(𝑞−1)

Conv-RaS Encoder 𝑽(0) ∈ 𝑭2
𝑁0

Conv-RaS Encoder 𝑽(1) ∈ 𝑭2
𝑁1

Conv-RaS Encoder 𝑽(𝑞−1) ∈ 𝑭2

𝑁𝑞−1

⋮

 𝑼(𝑖) ∈ 𝑭2
𝐾 consists of the 𝑖 -th level bits of 𝑼𝐾

 𝑼(0) ∈ 𝑭2
𝐾 corresponds to the leftmost bits in the binary representation of 𝑼𝐾



Non-binary Source Transmission

35

Theorem 2: Let 𝐾 and 𝑁𝑖 (0 ≤ 𝑖 < 𝑞) be positive integers such that the code rate

𝑅𝑖 =
𝑁𝑖

𝐾
> 𝐻 𝑈𝑖 𝑈0𝑈1 ⋯ 𝑈𝑖−1 /𝐶, where𝐻 𝑈𝑖 𝑈0𝑈1 ⋯ 𝑈𝑖−1 is the conditional source

entropy and 𝐶 is the channel capacity. For 𝑖 ≥ 0, let 𝒞[𝐾, 𝑁𝑖 , 𝑚] be a Conv-SaS

code ensemble with encoding memory 𝑚 that accepts (per slot) a sub-block of 𝐾

binary digits and delivers a sub-block of 𝑁𝑖 binary digits. Then there exists a multi-

level coding scheme with the 𝑖-th binary sequence 𝑼𝑖 being protected by 𝒞[𝐾, 𝑁𝑖 , 𝑚]

(0 ≤ 𝑖 < 𝑞) such that, as the encoding memory 𝑚 goes to infinity, the error rate

FER vanishes down to an arbitrarily small but given positive number 𝜖.



Non-binary Source Transmission

36

𝐻 𝑈 = 1.834 bits/symbol

Designed code rates 𝑅total = 2.348

➢ 𝐻 𝑈0 = 0.492, 𝑅0 = 0.6, 𝑁0 = 1229

➢ 𝐻 𝑈1|𝑈0 = 0.617, 𝑅1 = 0.811, 𝑁1 = 1660

➢ 𝐻 𝑈2|𝑈0𝑈1 = 0.725, 𝑅2 = 0.938, 𝑁2 = 1920

To achieve the SER performance lower than

10−5 , the required SNR is 4.5 dB, about 0.7

dB away from the Shannon limit of 3.8 dB

✓ Shannon limit: the minimum SNR such that

𝑁0 + 𝑁1 + 𝑁2 𝐶 SNR > 𝐾𝐻 𝑈

Consider a 6-ary source with PMF {0.612, 

0.115, 0.092, 0.073, 0.064, 0.043}, 

BPSK -AWGN, K=2048



Slepian-Wolf Coding Problems

37



Slepian-Wolf Coding Problems

38

Conv-RaS codes can approach the

boundaries of the corresponding SW

regions in both noiseless and noisy

settings

Consider two correlated binary sources 

representing the weather in two nearby cities:

K=2048
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Applications to Multi-Level Coding03

Conclusions04



Conclusions

⚫ Coding Theorems for Conv-SaS Code Ensemble

➢ Conv-SaS code ensemble can achieve the LMTR when transmitting a Bernoulli 

source over MBIOS channels in terms of FER

⚫ Flexibility and Universality of Conv-RaS codes

➢ Flexible, Universal, and LMTR-Achievable

➢ GA bounds to evaluate the performance

⚫ Applications to Multi-Level Coding: exhibit superior performance

➢ Non-binary source transmission

➢ SW coding problems

40
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