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Capacity-achieving Block Codes

1048 Channel coding theorem (Proof based on the typical sequences) : there
Shannon exist block codes with code rates arbitrarily close to channel capacity
and probabilities of error arbitrarily close to zero.

1965

Gallager Proof by deriving error exponent (under ML decoding)




Capacity-achieving Block Codes

1048 Channel coding theorem (Proof based on the typical sequences) : there
Shannon exist block codes with code rates arbitrarily close to channel capacity
and probabilities of error arbitrarily close to zero.

1965 - |
Gallager Proof by deriving error exponent (under ML decoding)

1999 When the degree of the regular LDPC codes increases as the code length

MacKa tends to infinity, regular LDPC codes are capacity-achieving over memoryless
Y BIOS channel under ML decoding.

1997-2002
Luby,
Shokrollahi,
zémor, et al.

LDPC codes are capacity-achieving codes for the BEC and the BSC under
belief propagation (BP) decoding.




Capacity-achieving Block Codes

2009
Arikan

2016-2022
Ma et al.

2023-2024

Polar codes are capacity-achieving codes for BIOS memoryless channels
under SC decoding.

Systematic LDGM code ensemble with generator matrices defined by Bernoulli
process, called Bernoulli generator matrix (BGM) code ensemble, is capacity-
achieving over BIOS memoryless channels.

> in terms of BER: 2016
> in terms of FER: 2022

Binary Reed—Muller (RM) codes are capacity-achieving codes for BIOS
memoryless channels.

> in terms of BER: Reeves and Pfister
> in terms of FER: Abbe and Sandon



Convolutional Codes

® Origin: Introduced by Elias (1955)

® Classical decoding algorithms
> Sequential decoding (Wozencraft 1957, Fano 1963)
> Viterbi algorithm (Viterbi 1967)

® Capacity achievability
> Time-varying convolutional codes (Viterbi 1967)

> Time-invariant convolutional codes (Shulman and Feder 1995)



Convolutional Codes

® Convolutional codes with low-complexity iterative decoding
> Spatially coupled LDPC (SC-LDPC)

v'Capacity-achieving universally over BMS channels (Kudekar, Urbanke,
Pfister, Macris, et al. 2013)

> Spatially coupled LDGM (SC-LDGM)

v'Capacity-achieving universally over BMS channels (Kumar, Young, Macris,
and Pfister 2014)




Convolutional Codes

® To the best of our knowledge,

most block/convolutional codes were developed for channel coding by

assuming that the source is uniform
design of codes are typically channel-dependent
design of codes usually requires complicated optimization

for JSCC with biased sources, one may need optimize the design of double
LDPC codes (Fresia, Wang, Mitchell, et al. 2009-2021) or double polar
codes (Dong, Niu, et al. 2021)



BMST/Conv-RaS Codes

® Bernoulli source 6 = P(U = 1)

® Channel: memoryless binary-input output-symmetric (MBIOS) channels
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BMST/Conv-RaS Codes

® Encoding process

D S
O G;: K X N constructed such that ‘
[Go, -+, G,y ] = [, -, 11, 0] G G, G
u® u &1 2w €-2) ut—m
* Flexibility and Universality T Regon .
« Rate N/K: defined as the ratio of the input u“”ﬂlo u®r, u@r,
length to the encoding output length | n Iucnno w1, u®I,
. . uperposition | | :
» Source coding: N<K el i o [uon, Juon, u@,
» Channel coding : N>K
» JSCC: N can be adjusted according to LG~ D, R

the source sparsity and channel qualit
- Rel=ly . Y Interpreted as an asynchronous multiple access system
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BMST/Conv-RaS Codes

® Decoding process

O iterative sliding window decoding algorithm

!



BMST Codes: Flexible, Universal, and LMTR-Achievable ' =%

€ Source coding

Encoding memory selection: H(X™*LNY /((m 4+ L)N) = 1)
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BMST Codes: Flexible, Universal, and LMTR-Achievable ©

‘ C h a n n el COd i n g === R=1/8 soft decision == R=1/4 soft decision

e R=3/8 s0ft decision - R=1/2 soft decision
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Conv-RaS codes can achieve the BER of 107>
within one dB from the Shannon Limit. BPSK-AWGN, BER=107>, K=1024 .



BMST Codes: Flexible, Universal, and LMTR-Achievable ¥ .25

€ Joint Source-Channel Coding (JSCC)
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Motivation

Suppose that m can be sufficiently large. What is, the infimum of
R=N/K, denoted as R;,;, to guarantee an arbitrarily small but fixed

error rate?

v"Intuitively, it suffices to satisfy N/IK>H(U)/C, implying that
the limit of minimum transmission ratio (LMTR) equals

H(U)/C.

15




Motivation

Conjecture: Let K and N be two positive integers such that N/K>H(U)/C.
One can find a sequence of Conv-RaS codes with input length K, output
length N, encoding memory m and L (m? <L < m* for some u = 2) such

that the FER vanishes exponentially down to € with increasing m under

blockwise MAP decoding.

I (ETTET 0 time-invariant convolutional codes
Gy G - Gy O the columns of the sub-matrices G; are

not independent

L 4 O for K> 1, the sub-matrices G; are sparse

16
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Conv-SaS Code Ensemble

Convolutional sampling and superposition (Conv-SaS) code ensemble
® A class of time-varying convolutional code ensemble
® G; ;(K X N) is randomly generated with each column being drawn independently and

uniformly from the collection of all binary column vectors of weight 0 or 1.

) Z uDG. . y -
e it v x() is a superposition of ul G, ;
Behmec: ). | v The vectors uV) G;, are constructed
G= G (%1’2 Grme1 | by sampling (with replacement) the

Ot—m<i<
G PNC s AcTee componentsof u' (t —m<i<t)

18



Conv-SaS Code Ensemble: LMTR Achievability

Theorem 1: Let K and N be two positive integers such that N/K>H(U)/C.
One can find a sequence of Conv-SaS codes with input length K, output
length N, encoding memory m and L (m? < L < m* for some u > 2) such

that the FER vanishes exponentially down to € with increasing m under

blockwise MAP decoding.

@ » H(U) is the source entropy,
» C is the channel capacity

» € IS an arbitrarily small positive number

W)



Conv-SaS Code Ensemble: LMTR Achievability

« Corollary 1: As source coding, the Conv-SaS code ensemble can achieve the entropy H(U)
of the Bernoulli source. Precisely, let K and N be two positive integers such that N/K> H(U).
One can find a sequence of Conv-SaS codes with input length K, output length N, encoding
memory m and L (m? < L < m* for some u = 2) such that the FER vanishes exponentially
down to € with increasing m under blockwise MAP decoding.

« Corollary 2: As channel coding, the Conv-SaS code ensemble can achieve capacity C of the
MBIOS channel. Precisely, let K and N be two positive integers such that K/N<C. One can find
a sequence of Conv-SaS codes with input length K, output length N, encoding memory m and
L (m? <L < mHfor some u > 2) such that the FER vanishes exponentially down to e with

increasing m under blockwise MAP decoding (equivalent to maximum likelihood decoding).




Error Analysis

> Goal: prove that the first error probability Pr{U(® = U(®} vanishes exponentially with the
encoding memory m. Hence the whole frame (the L sub-blocks) error probability is upper
bounded L x Pr{U©® = U} and hence can be made arbitrarily small.
» A suboptimal decoding
O Input; the truncated sequence y™+DN 3 noisy version of x(M*UN = yMm+DKg
O Output: 4(?, an estimate of u(®

O Gg.s: truncated generator matrix of size (m + 1)K x (m + 1)N

e ) - GoomGo1 - Gy
Goo Gox -+ Gom ’ |
Q- Gii Gip Gimi1 Gl,l o Glam
e 5 , o Ggas = . |
9 ; -4 . o :
Graz1 Grazr - Groizem-1 |
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Proof Outline

> Random linear code ensemble

» The sub-matrices G; ; of size K x N have independent and uniformly distributed

columns i
Goo Go: - Gon,
G, G, - G
Grand = _’ .j ) _}m
| © o Gl e el

O In the case when U is a uniform Bernoulli source,

» Channel coding theorem of random linear code ensemble (Gallager 1968)
O In the case when U is a biased Bernoulli source,

» Error exponent analysis (Gallager 1968 Exercise 5.16)

» Guessing and checking decoding analysis



Proof Outline

» Guessing and checking decoding
 Guessing: Form alist U c Fgm“)K of size 2(m+VK(HU)+6).

upon receiving y™+DN form a list X € FS™ VN of size 20m+ DNHXIV)+6)

e Checking: Find (@™*DX xMm+DN) from the list U x X such that (™ DKGg, o =
xM+LN |f this is unique, deliver it as the output. If no such pair exists, report a
decoding failure. If multiple pairs exist, deliver the most likely one such that
P(ym*+ DN |z(m+DNY is maximized.

» A decoding error £ occurs when
» if no such pair exists in the list or some (@(M+DX x(M+DNY axists in the list U x X such

that P(y(Mm+DN|z(Mm+1N) is maximized and 6% = u(® gMm+DKg = gM+DN



Proof Outline

» Decoding error probability:
P(€) = P(&1)P(E|€y) + P(ET)P(E|ET) < P(&1) + P(Ey).
v’ &, denotes the event that (u™* VK x(M+DNY is not in the list U X X
v’ &, denote the event that (u™+DK x(Mm+DN) is in the list U x X but some distinct
(@m+DK 3(m+1NY axists in the list U x X such that P(y(Mm*+ DN |g(m+1)Ny jg

maximized and #(® % u(©®, FM+DKG, . = Zm+1N



Proof Outline

» Random code ensemble

£, denotes the event that (u(+VK x(M+NY is not in the list U x X

O Aided by the (jointly) typical sequences, we have

. |U| < 2MHDKHW)+E)
e |X| < 2m+DNEHX|Y)+S)

v HX|IY)=1-C
+ P(&) < Pr{ulmtVK ¢ Uy} + Pri{x(m+UN ¢ x1 < ¢/2



Proof Outline
» Random code ensemble
O When (u(m+ VK xMm+DNY i in the list U x X
» Due to the randomness of G,,pq, (W™K — yM+DEG ¢ = (RIVFDN — x(m+DN)
occurs with a probability 2~ (m+1LN

* The number of pairs in the list U X X is upper bounded by

2(m+1)(K(H(U)+5)+N(1—C+5))

« By the union bound, P(&,) is upper bounded by

2(m+1)(K(H(U)+6)+N(1—C+5)) ) 2—(m+1)N

which can be made < €/2 for sufficiently large m since N/K > H(U)/C



Proof Outline

» Conv-SaS code ensemble
& Issue 1

Aided by the (jointly) typical sequences
P(&)) = Pr{(um+VK x(Mm+DNY ig not in the list U x X}

< Pr{u™*VK ¢ U} + Prix(m*VN ¢ x} < ¢/2.

We cannot see whether or not this vanishing is exponential as m — o

2



Proof Outline

To replace the typical sequence argument:

Lemma 1: Suppose that u*is generated from a Bernoulli source with
success probability 6. Let U be a list of size |U| = min(2F, |2kHWI+))
such that U consists of all the |U| most probable messages. Then, the
probability Pr{u* ¢ U} vanishes exponentially down to e with increasing k.

Lemma 2: Suppose that x™ is transmitted over an MBIOS channel with
capacity ¢ and y™is received. Let X(y) be a list of size |X(y)| =
|2n(1=C+9)| such that X () consists of all the |X(y)| most likely vectors.
Then, the probability Pr{x™ & X' (y)} vanishes exponentially down to e with
Increasing n.



Proof Outline

&® Issue 2
In contrast to random linear codes, over the Conv-SaS code ensemble, the

uniformity Pr{((m*t DK — (m+DE)G = (zM+DN _ x(m+DN)L = 2=(m+DN ng Jonger holds.

The independence still holds: a message u™*VX js mapped to a random
vector x(M+ DN — 4(m+DK @G which is a time-varying Bernoulli sequence with

success probabilities that vary from sub-block to sub-block.



Proof Outline

Lemma 3: Define the weight profile of a message sequence u™+VK = (3@ ... 4(M)) as
wmtl = (w,, -, wy,) with w; = Wy (u®) in [0,K]. Then a message vector u™+DK generates
a vector x = um*VKG. o as a time-varying Bernoulli sequence with success probability for

the t-th sub-block x

2w;
1Tl (1 -5 9)
2

m+1y — ,0<t<m.

pr(w

Let t and T be two positive numbers suchthat 0 < T <t <m+ 1. Forany given

uMm*+DK that contains at least T non-zero sub-blocks within the first ¢ sub-blocks, we have, for

all x(m“_t)N, AT (m+1—t)N
P(x(m+1—t)N|u(m+1)K) < (__l__(;) )

2 2\K+1



Proof Outline

To analyze P(E,), the error pattern AJ™ VX = (G(Mm+DK _ 3 (m+1K) ig partitioned into

two consecutive parts, T =vm+ 1,1 <t <T,

1)K T—T)TK
Agzm+ e @oe A'EzR i )

where 7 is the minimum time such that A’} X has at least T and at most 2T non-zero

sub-blocks among tT sub-blocks.

S



Proof Outline

Foreach1<7t<T,

A('m+1)K_ (AZTLK: (T T)TK), A(rn+1)N= (A;{N,A(T_T)TN)

@) ALK has at most 2T non-zero sub-blocks among =T sub-blocks. Hence the
number of light error patterns A’l¥ is small, and the left part has exponentially
vannishing error probability.

2 ATIX has at least T non-zero sub-blocks among 7T sub-blocks. Hence the

AT-DTN

corresponding check sequence generated by the error pattern is

asymptotically close to the uniform distribution, and the right part has
exponentially vannishing error probability.

22
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Non-binary Source Transmission

Multi-level source coding

* Afinite set A ={0,1,---,Q — 1}

e A Q-ary discrete memoryless source U € AX according to a PMF = (pg, vy, s L)
- An injective mapping ¢: A — F1, q = [logQ]

 Encoding process

[ U(O) | —{Conv-RaS Encoder:—> y© ¢ FIZVo
U(l) —’ Conv-RaS Encoder:—> 7ACON'= F’2"1

UX =

_U(q_l)_ 4’[Conv-RaS Encoder]—> y@a-1) ¢ FIZVq—l
O U® e FX consists of the i -th level bits of UX

O U™ e FX corresponds to the leftmost bits in the binary representation of U¥



Non-binary Source Transmission

Theorem 2: Let K and N; (0 <i < q) be positive integers such that the code rate

R, = % > H(U;|\UyU; - U;_1)/C, whereH(U;|U,U; ---U;_;) is the conditional source

entropy and C is the channel capacity. For i = 0, let C[K,N;, m] be a Conv-SaS
code ensemble with encoding memory m that accepts (per slot) a sub-block of K
binary digits and delivers a sub-block of N; binary digits. Then there exists a multi-
level coding scheme with the i-th binary sequence U, being protected by C|K, N;, m|
(0 <i < q) such that, as the encoding memory m goes to infinity, the error rate

FER vanishes down to an arbitrarily small but given positive number €.

ES



Non-binary Source Transmission

Consider a 6-ary source with PMF {0.612,
0.115, 0.092, 0.073, 0.064, 0.043},
O H(U) = 1.834 bits/symbol
O Designed code rates Ryt = 2.348
> H(U,) = 0.492,R, = 0.6, N, = 1229
> H(U;|Uy) = 0.617,R; = 0.811, N; = 1660
> H(U,|UyUy) = 0.725,R, = 0.938, N, = 1920

SER

O To achieve the SER performance lower than
107>, the required SNR is 4.5 dB, about 0.7
dB away from the Shannon limit of 3.8 dB

v Shannon limit: the minimum SNR such that
(Ny + N; + N,)C(SNR) > KH(U)

0 | | | —

10° Ry = 2.348
-- Shannon limit;

107 j

1074

10

3.5 3.7 3.9 4.1 43 45 47 49 51 53 5.5
SNR(dB)

BPSK-AWGN, K=2048
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Slepian-Wolf Coding Problems

i N

Two correlated bu? » U, Encoder
distributed binary

sources Uy, U;  )— U, Encoder

MBIOS1 channel

MBIOS2 channell

N

Decoder

Py

Theorem 3: Let K, Ny and N, be three positive integers such that the code rates Ny/K and

N1 /K fall within the achievable rate region given by

4

CON() > KH(Uo‘Ul)
{ OlNl > KH(U”U()):

k‘C’Qf\fo + ClNl > KH(UlU(])

(43)

where H(UyU;) is the joint entropy of Uy and Uy, H(Uy|U;) and H(U;|Uy) are the conditional

entropies, and Cyy and C are the channel capacities. For : = 0, 1, let €;[K, N;, m] be a Conv-SaS

code ensemble with encoding memory m that accepts (per slot) a sub-block of K binary digits

and delivers a sub-block of NV; binary digits. Then there exists a Slepian-Wolf coding scheme

with 6y[K, Ny, m] and 6 [K, N1, m] for the two sources U, and Uj, respectively, such that,

as the encoding memory m goes to infinity, the error rate FER vanishes down to an arbitrarily

small but given positive number e.

S



Slepian-Wolf Coding Problems

Consider two correlated binary sources

representing the weather in two nearby cities:

Metropolis
p(z,y) _ .
Rain Shine
Rain | 0.445 | 0.055
Gotham
Shine | 0.055 | 0.445

O Conv-RaS codes can approach the
boundaries of the corresponding SW
regions in both noiseless and noisy

settings

N N

L |----- Slepian-Wolf region (noisy, SNR=0.2 dB)

----- Slepian-Wolf region (noiseless, SNR= oc)

Simulation (noiseless, SNR= o0)
Simulation (noisy, SNR=0.2 dB)

\¥ LLLLS S S LY

;x_/_//././///[é.é/_/_/_/_/_/// e
N
N

Ny

9%
O R R S SO

A S S S S R O T R T S S TR TN NS

05 1 15 2 25 3 35 4
Ry

K=2048
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Conclusions

® Coding Theorems for Conv-SaS Code Ensemble
» Conv-SaS code ensemble can achieve the LMTR when transmitting a Bernoulli
source over MBIOS channels in terms of FER
® Flexibility and Universality of Conv-RaS codes
» Flexible, Universal, and LMTR-Achievable
» GA bounds to evaluate the performance
® Applications to Multi-Level Coding: exhibit superior performance
» Non-binary source transmission

» SW coding problems



Thank you!

SUN YAT-SEN UNIVERSITY

X. Ma, X. Zheng, Y. Wang, and Y. Wang. “BMST: A flexible and universal approach to several coding problems,”

submitted to IEEE Transactions on Information Theory, 2025.
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