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Outline
• Inspired by the work of myself and others in the 1990s on the study of 

entropy inequalities which led to very fruitful results in related fields


• Can apply the geometrical interpretation therein to virtually any general 
inequality


• In this talk

‣ Inequalities and universally qualified inequalities


‣ Information Theory: Entropy inequalities 


‣ Algebra — AM-GM inequality


‣ Probability Theory — Markov inequality 


‣ Inner Product Space — Cauchy-Schwarz inequality



• Consider the Euclidean space  and a 
function , where 


• The inequality  can be 
identified with the region in  :





with  being the 
boundary if    is “continuous”

ℝn

f(x) x ∈ ℝn

f(x) ≥ 0
ℝn

{x ∈ ℝn : f(x) ≥ 0}

{x ∈ ℝn : f(x) = 0}
f

A Geometrical Interpretation of Inequalities

x

y

f(x) = 0

f(x) > 0

f(x) < 0



Some examples:


• 


• AM-GM inequality  


• Markov inequality  For any nonnegative random variable , for any ,





• Cauchy-Scharwz inequality  Let   be a real inner product space. For all ,





• Independence Bound for Entropy  For any discrete random variables  and ,





Virtually any inequality that bears a name is a universally quantified inequality. Is there a geometrical 
interpretation of such inequalities?

∀x ∈ ℝ, x2 − 2x + 3 ≥ 0

AM ≥ GM

T a > 0

Pr{T ≥ a} ≤ E[T] / a

V u, v ∈ V

⟨u, v⟩2 ≤ ⟨u, u⟩⟨v, v⟩

X1 X2

H(X1) + H(X2) ≥ H(X1, X2)

Universally Quantified Inequalities



Information Theory



Shannon’s Information Measures
• For a discrete random variable , the Shannon entropy is defined as 





• For two random variables  and , the joint entropy is defined as





• Measures the uncertainty in a set of random variables


• A fundamental measure in information theory and other fields


X

H(X) = − ∑
x

p(x)log p(x)

X Y

H(X, Y) = − ∑
x,y

p(x, y)log p(x, y)



Entropy Vectors

• Fix the number of random variables 


• For , there are  joint entropies


• For example, for , there are  joint entropies:





• For each , compute the  joint entropies


• This corresponds to a vector in 

n

(X1, X2, ⋯, Xn) 2n − 1

n = 3 23 − 1 = 7
H(X1), H(X2), H(X3),
H(X1, X2), H(X1, X3), H(X2, X3),
H(X1, X2, X3)

(X1, X2, ⋯, Xn) 2n − 1

ℝ2n−1



• 


• Exhaust all possible  to form the 
region





•  is a convex cone


•  characterizes all entropy inequalities 
involving  random variables

(X1, X2, ⋯, Xn) → h ∈ ℝ2n−1

(X1, X2, ⋯, Xn)

Γ*n = {h ∈ ℝ2n−1 : h is an entropy vector}

Γ*n
Γ*n

n

ℝ2n−1

hα

hβ

Γ*n

The Region Γ*n
Yeung, 1997



Γ*n

b⊤ ⋅ h ≥ 0

 always holdsb⊤ ⋅ h ≥ 0



  does not always holdb⊤ ⋅ h ≥ 0

Γ*n

b⊤ ⋅ h ≥ 0



The Region Γn

• Let . It is well known that all  satisfy the 
following polymatroidal axioms:





• Let    be the intersection of all these inequalities


• Then 

Xα = (Xi, i ∈ α) (X1, X2, ⋯, Xn)

(nonnegativity) H(Xα) ≥ 0
(non-decreasing) H(Xα) ≤ H(Xβ)  if  α ⊂ β
(submodular) H(Xα) + H(Xβ) ≥ H(Xα∪β) + H(Xα∩β)

Γn

Γ*n ⊂ Γn



Shannon-Type Inequalities

• If





then  is a Shannon-type inequality


• A Shannon-type inequality is implied by the 
polymatroidal inequalities and it holds for all joint 
distributions 

Γn ⊂ {h : b⊤ ⋅ h ≥ 0}

b⊤ ⋅ h ≥ 0

Γn

Γ*n

b⊤ ⋅ h ≥ 0



Non-Shannon-Type Inequalities

• Non-Shannon-type inequalities exist for 4 
random variables


• ZY98 (Zhang-Yeung inequality)


• 


• Subsequently, other non-Shannon-type 
inequalities were discovered:

‣ R. Dougherty, C. Freiling, and K. Zeger (2006)

‣ F. Matúš (2007)

Γ*4 ≠ Γ4

Γ4

Γ*4

Zhen Zhang and Yeung, 1998

_____________

Terence Tao’s blog: Special cases of Shannon entropy

ZY98



A Sketch

• (Copy Lemma due to Zhen Zhang)  Given any 4 random variables  and 
, construct a Markov chain 





• Where  is an auxiliary random variable such that 




• By applying the basic inequalities for the 5 random variables and , 
ZY98 which involves the 4 random variables  can be obtained


• Geometrical interpretation: Consider a cross section of  in  and project it 
onto  to obtain a region which is a proper subset of  !

X, Y, Z,
T

XY → ZT → X′￼

X′￼

p(x′￼|zt) = p(x |zt)
X, Y, Z, T, X′￼

X, Y, Z, T
Γ5 ℝ63

ℝ15 Γ4

Proof of ZY98



Relations with Other Fields

R. W. Yeung, “Facets of entropy,” Communications in Information and Systems, vol. 
15, pp. 87-117, 2015.

Γ*
Combinatorics

Group Theory

Kolmogorov Complexity

Probability Theory

Matrix Theory

Cryptography

Quantum Mechanics

Matroid Theory

Network Coding / Coded Caching



Kolmogorov Complexity



A. Hammer, A. Romashchenko, A. Shen, and N. Vereshchagin, 2000

• There is a one-to-one correspondence between entropy inequalities 
and Kolmogorov complexity inequalities


• An example:





• “Non-Shannon-type” Kolmogorov complexity inequalities can be 
obtained accordingly


H(X1) + H(X2) ≥ H(X1, X2)
↕

K(x1) + K(x2) ≥ K(x1, x2)

Kolmogorov Complexity



Group Theory



Terence H. Chan and Yeung, 1999

• Let  be a finite group and  be subgroups


• Let  , also a subgroup

• There is a one-to-one correspondence between entropy inequalities and group 

inequalities 

• An example:





• “Non-Shannon-type” group inequalities can be obtained accordingly

G G1, G2, ⋯, Gn

Gα = ∩i∈α Gi

H(X1) + H(X2) ≥ H(X1, X2)
↕

log
|G |
|G1 |

+ log
|G |
|G2 |

≥ log
|G |

|G1 ∩ G2 |

Finite Groups



• “Non-Shannon-type” group inequalities can be obtained accordingly


• For example, ZY98 becomes




• So far, no group-theoretic proofs of such inequalities exist

|G13 |3 |G14 |3 |G34 |3 |G23 | |G24 | ≤ |G1 | |G12 | |G3 |2 |G4 |2 |G134 |4 |G234 |

Finite Groups



Matrix Theory



• Let  denote the differential entropy of a collection of continuous 
random variables


• By substituting the differential entropies of a Gaussian vector with 
covariance matrix  (any positive definite matrix), from 


 , 


one can obtain the Hadamard inequality


 


• Dates back at least to Bellman

h( ⋅ )

K
h(X1, X2, ⋯, Xn) ≤ ∑

i

h(Xi)

|K | ≤ ∏
i

Ki,i = ∏
i

kii

Positive Definite Matrices



• Likewise, “non-Shannon-type” inequalities for positive definite matrices 
can be obtained


• For example, from ZY98, one can obtain the following matrix inequality:





where  denotes a principal minor of a  positive definite matrix 


• For  positive definite matrices, there exists no inequalities on the 
principal minors beyond the polymatroidal axioms (w/ Terence H. Chan 
and Donning Guo, 2012)

(K1)(K2)(K1,2)2(K3)4(K1,3,4)5(K2,3,4)5 ≤ (K3,4)6(K1,3)4(K1,4)4(K2,3)4(K2,4)4

Kα 4 × 4 K
3 × 3

Positive Definite Matrices



Quantum Mechanics



• A quantum state is described by a Hermitian positive semi-definite matrix , 
called the density matrix


• The von Neumann entropy of  is defined as




• The von Neumann entropy is a generalization of the Shannon entropy

• The strong subadditivity for the von Neumann entropy was obtained by Lieb 

and Ruskai (1973), which plays the same role as the basic inequalities for the 
Shannon entropy


• Inspired by the discovery of non-Shannon-type inequalities, so-called “non 
von Neumann type” inequalities were discovered by Linden and Winter (2005) 

ρ

ρ
S(ρ) = −Tr(ρ log ρ)

Von Neumann Entropy



Applications to Inequalities  
in Other Fields 

(Non-Entropy-Related)



Algebra



• Consider a finite set of nonnegative numbers, 


• Let


    and     


• Then 


• Here, the 2 quantities of interest are  and , and we are interested in 
their relation


• The AM-GM inequality is a characterization of this relation


• Does there exist other constraints on  and  ?

{xi, 1 ≤ i ≤ n}

AM =
1
n

( x1 + x2 + … + xn ) GM = n x1 ⋅ … ⋅ xn

AM ≥ GM

AM GM

AM GM

The AM-GM Inequality



• Let  and  be real numbers such that


 for some finite set of nonnegative numbers 


• According to the AM-GM inequality, 


• Since  for all , we have  and 


• Now  and   . Therefore,  is redundant


• We only need  and 

a g

(a, g) = (AM, GM)

a ≥ g

xi ≥ 0 i a ≥ 0 g ≥ 0

a ≥ g g ≥ 0 ⇒ a ≥ 0 a ≥ 0

a ≥ g g ≥ 0

A Geometrical Way to Understand the AM-GM Inequality



• If  for some finite set of nonnegative numbers, we call  an 
achievable pair


• Regard  and  as the coordinates of , and define the achievable region





• Define the outer bound on  induced by the AM-GM inequality as 





• Evidently, 


• Is ?


(a, g) = (AM, GM) (a, g)

a g ℝ2

Υ* = { (a, g) ∈ ℝ2 : (a, g) is an achievable pair }
Υ*

Υ = { (a, g) ∈ ℝ2 : g ≥ 0 and a ≥ g }
Υ* ⊂ Υ

Υ* = Υ

The Regions  and Υ* Υ



1

a = g

a

Υ

g



Proposition  For any , there exist  such that 


 ,


i.e.,  and  are the AM and GM of the set , respectively.


Proof 

Let





Note: It follows from  and  that .


Remark  This means that every vector in  is achievable, i.e., .

(a, g) ∈ Υ x, y ≥ 0

a =
x + y

2
 and g = xy

a g {x, y}

x = a ± a2 − g2 and y = a ∓ a2 − g2 .

a ≥ g g ≥ 0 x, y ≥ 0

Υ Υ* = Υ



• Let  . If   is satisfied by all achievable pairs, then





• Example  If  , then    becomes , i.e., the AM-GM inequality


• Thus  completely characterizes all constraints on the AM and GM of any finite set of nonnegative numbers


• In other words, if   is satisfied by all achievable pairs, then 





• Hence, the AM-GM inequality ( together with GM  ) completely characterizes the relation between 
between AM and GM


f : ℝ2 → ℝ f(a, g) ≥ 0

Υ* ⊂ { (a, g) ∈ ℝ2 : f(a, g) ≥ 0 }
f(a, g) = a − g f(a, g) ≥ 0 a ≥ g

Υ*

f(a, g) ≥ 0

g ≥ 0, a ≥ g ⇒ f(a, g) ≥ 0.

≥ 0

Implication



1

a = g

a

Υ*

f(a, g) ≥ 0

g



1

a = g

a

Υ*

g

f(a, g) ≥ 0



Probability Theory



• In probability theory, the Markov inequality says that for any 
nonnegative random variable , for any ,


 ,


or





• Here,  and  are two quantities we are interested in, in 
particular the relation between them

T a > 0

Pr{T ≥ a} ≤ E[T] / a

E[T] ≥ a Pr{T ≥ a}

E[T] Pr{T ≥ a}

The Markov Inequality



• Let a > 0 be fixed in the Markov inequality


 


• Let  and  be the coordinates of , and define the achievable region





• Since , define the outer bound induced by the Markov 
inequality as





• Is  ?

E[T] ≥ a Pr{T ≥ a}

p m ℝ2

Ψ*a = { (p, m) : (p, m) = (Pr{T ≥ a}, E[T]) for some T }
0 ≤ p ≤ 1

Ψa = { (p, m) : 0 ≤ p ≤ 1 and m ≥ ap }
Ψ*a = Ψa

The Markov Inequality



• Equivalently, is every pair  
achievable by some random variable  ?


• If not, there may exist constraints on 
 beyond the Markov inequality


• Turns out that  is achievable 
everywhere except on the boundary


• Thus the Markov inequality almost 
completely characterizes the relation 
between  and 

(p, m) ∈ Ψa
T

(p, m)

Ψa

Pr{T ≥ a} E[T]

m = ap

p

m

1

Ψa



Inner Product Space



• Let   be a real inner product space. For all ,





• Here, the 3 quantities of interest are: 


• Define the achievable region in ,





• Since , define the outer bound induced by Cauchy-Schwarz as





• Is  ?

V u, v ∈ V

⟨u, v⟩2 ≤ ⟨u, u⟩⟨v, v⟩

⟨u, u⟩, ⟨v, v⟩, ⟨u, v⟩

ℝ3

Φ* = { (x, y, z) : (x, y, z) = (⟨u, u⟩, ⟨v, v⟩, ⟨u, v⟩) for some u, v ∈ V }
⟨u, u⟩, ⟨v, v⟩ ≥ 0

Φ = { (x, y, z) : x, y ≥ 0 and z2 ≤ xy }
Φ* = Φ

The Cauchy-Schwarz Inequality



x

y

z

z2 = xy

Φ



Theorem 1  For an inner product space ,  if . If , 
then , and if , then





Proposition 1  If , then for any non-zero vector , there exists a unit 
vector  such that . 


Remark  The proof of the Proposition 1 invokes every axiom of a real inner product 
space, namely


1. 


2. 


3.   if 

V Φ* = Φ dim(V) ≥ 2 dim(V) = 0
Φ* = {0} dim(V) = 1

Φ* = { (x, y, z) : x, y ≥ 0 and z2 = xy } .

dim(V) ≥ 2 u ∈ V
w ∈ V ⟨u, w⟩ = 0

⟨u, v⟩ = ⟨v, u⟩

⟨au + bv, w⟩ = a⟨u, w⟩ + b⟨v, w⟩

⟨u, u⟩ > 0 u ≠ 0



Theorem 1  For an inner product space ,  if . If 
, then , and if , then





Remarks 

1. If , then  is the boundary of .


2. The Cauchy-Schwarz inequality does not completely characterize the 
relation between and  when .


3. Nevertheless, there exists no inequality on and  that 
holds for all inner product space  regardless of  which is not 
implied by Cauchy-Schwarz.

V Φ* = Φ dim(V) ≥ 2
dim(V) = 0 Φ* = {0} dim(V) = 1

Φ* = { (x, y, z) : x, y ≥ 0 and z2 = xy } .

dim(V) = 1 Φ* Φ

⟨u, u⟩, ⟨v, v⟩, ⟨u, v⟩ dim(V) = 0, 1

⟨u, u⟩, ⟨v, v⟩, ⟨u, v⟩
V dim(V)



x

y

z

z2 = xy

Φ



• Proposed a geometrical interpretation that captures the very meaning of a universally quantified inequality


• Specifically, a universally quantified inequality is an outer bound on the achievable region


• The ultimate problem is to completely characterize the achievable region


• Applied this approach to the AM-GM inequality, the Markov inequality and the Cauchy-Schwarz inequality


• Results not really surprising but help clarify the issues


• This geometrical framework had led to very fruitful results in a number of subjects related to the Shannon 
entropy


• Applications to other branches of mathematics may lead to the discovery of new fundamental inequalities 
on quantities of interest


• For further details, see


R. W. Yeung, “Inequalities revisited,” ArXiv 2025

Conclusion



Have a Dip ! 


